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Basic Properties of Q,

For this lecture, fix a prime p. Recall that (Q,,|-|)) is a complete non-Archimedean field
with Q a dense subfield such that

x| _ x| —_ 7z

o], = 1], ="
Definition. The p-adic valuation ord, : Q, — Z U {oo} is given by

ordy () = —log,, |z,
for all x € Q.
Definition. The ring of p-adic integers is the closed unit ball

Zy = {:1:6 Q| |z, < 1}

in Qp.

Note that ord, is a normalized discrete valuation, i.e. ord, : Q; — Z is a surjective
homomorphism. Since we can always restrict the codomain of a valuation to its image, this
will not be a problem.

Remark. Observe that
pZp={pr eyl lal, <1} ={yeQl [y, <1}
={ve i, <r'}={secq b, <1}
and that this is the unique maximal ideal in Z,. Consequently,
Ly =Ty \ pZy = {:z: €Q| |z], = 1} ={z € Q| ordy(z) =0}.
Remark. The localization of Z at the prime (p) can be regarded as a subring of the p-adic integers:

a
Z(p):{g|a€Z,b€Z\pZ}:{xEQ| ord,y(z) > 0} = QNZ,.



We can also quickly see that
Py ={x € Qp | ordy(x) = n}
and thus p"Z,y = QN p"Zy for all n € N.

Theorem. The following are true:
a. The open balls in Q, are precisely the sets of the form c+ p"Z, with c € Q, and n € Z;
b. The proper nonzero ideals in Z, are precisely the balls pr,pQZp,p?’Zp, .

c. Z 1is a dense subring of Z,. Furthermore, N is dense in Zj,.

Proof. For (a), given ¢ € Q, and r > 0, pick the least n € Z such that p=™ < r. Then

B, (c) = {xe@ﬂ |x—c|p<r} = {xe@p| |x—c|p§p‘"}
—{e+yeq, |, <p™} =c+p'z,
This suffices. For (b), given a proper nonzero ideal I C Z,, we can see that
oo C ord,(I) € NU {oo}

and so n = min(ord,(/)) exists in N, and there exists some zy € I such that ord,(x¢) = n.
Therefore zyZ, C I C p"Z,. Now since x Ly e Z, , we have that

2oLy = T (xalp”Zp) = D" Ly,

hence I = p"Z,.

For (c), suppose U = ¢ + p"Z, is an open ball in Z,. Then ¢ € Z, and n > 0. We are
tasked with finding some m € N such that m € U.

If c =0 orif n =0, then m = p™ works. So assume n > 0. Now by density of Q in
(Qp, |+ 1,), there exists a (reduced) rational number ¢ € U. Then

<1
p

Y

i-d < wa

So we obtain ged (p™,b) = 1, and there exists some k € Z and m € N such that

kp"™ +mb = a,
and therefore
m—2| = —kp <p™"
blp b »

From here, the strong triangle inequality implies
[m —cf, <p™.

Therefore m € ¢ + p"Z,. This suffices. [ |
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“is dense in”
Theorem. Forn € N, there is an isomorphism of rings
Lp|p"Lp = L[p" L.
In particular, {0,1,...,p" — 1} is a complete set of representatives for the cosets of p"Z, C Zj.
Proof. Fix n € N and define ¢ : Z — Z,/p"Z, given by
o(x) =z +p"Z,.

One can quickly verify that this is indeed a ring homomorphism. Suppose ¢ + p"Z, €
Zy/p"Z,. By density of Z C Z,, there exists some m € Z such that m € ¢ + p"Z,. Then
w(m) =m+ p"Z, = c+ p"Z,, so ¢ is surjective. Furthermore,

o(x) =p"L, <= x € ZNp"Ly,= "Ly,
so ker(yp) = p"Z. So the first isomorphism theorem concludes the proof. |

Corollary. The residue field of Qp is Z/pZ = T,. [ |

Theorem. Every x € Z, has a unique series representation

S
n=0
where d,, € {0,1,...,p — 1} for all n € N.

Proof. Fix x € Z,. Now let yo = x and let dy be the unique element of {0,1,...,p — 1} such
that yo € dy + pZ,. We inductively construct the sequences (d,), and (y,), as follows: for
n+ 1 € N, define

Yn+1 = pil (ynfl - dn71> € Zzh

and let d,.; be the unique element of {0, 1,...,p — 1} such that y, € d,, + pZ,. Doing this
for all n € N, we find that

o
—_

k—1
=Y dap" == (0" — D" yns1) = 7 — (0 — P'ur) = Pru,
n=0

3
Il
=)

therefore ’a: — Zﬁ;é d,p*| < p7F for all k. So z = lim,_. Zf;é dop™ = >0 o dyp", as
p

required. |

Corollary. Everyx € Q) has a unique series expansion T = Yooy dup™ with dy, € {0,1,...,p—1}
for alln € N, and d, # 0. In this case ordy(z) = v.



